Summary. The importance of the Poisson distribution among the discrete distributions has led to the development of several hypothesis tests, for testing whether data come from a Poisson distribution against a variety of alternative distributions. An extended simulation comparison is presented concerning the power of such tests. To overcome biases caused by the use of asymptotic results for the null distribution of several tests, an extended simulation was performed for calculating the required critical points for all the tests. The results can be useful to researchers as a guide to selecting the appropriate test from several alternatives that are available.
Introduction
The Poisson distribution plays a prominent role in the analysis of discrete data. It is widely accepted that if the data come from a pure chance mechanism then the Poisson distribution is a plausible underlying model for this mechanism and, in general, a good ®t of it can be regarded as verifying the assumption that pure chance governs the situation under consideration. A good ®t of the Poisson distribution also provides strong evidence of the homogeneity assumption of the population under investigation. In this respect it is very important to be able to test the Poisson hypothesis, namely to test the hypothesis H 0 : the data come from a Poisson distribution, against a general alternative hypothesis H 1 : the data do not come from a Poisson distribution.
Various test criteria have been developed and applied to test this hypothesis against various speci®c alternative hypotheses. The tests can be grouped into three main categories. The ®rst contains standard goodness-of-®t tests, applied to general multinomial models. The second category contains tests derived via characteristic properties of the Poisson distribution and it can be divided into two subcategories: one based on the variance-to-mean ratio and one based on properties of the probability-generating function (PGF). The latter contains tests which are based on the difference between the models in the null and the alternative hypotheses. In what follows, we review some of them, comparing their behaviour and examining in more detail their performance in practice.
Resampling-based methodology was adopted to overcome problems caused by the inadequacy of the asymptotic results. The distribution of the test statistic under the null hypothesis is, for the majority of the tests, unknown and only asymptotic results have been derived. So, to improve the comparability of the tests a preliminary extended simulation was made to ®nd the critical values for a given signi®cance level. These values were subsequently used for power comparison purposes.
The remainder of the paper is as follows. In Section 2 several tests proposed for testing the Poisson assumption against several alternatives are described. Section 3 describes brie¯y the methodology used for the power comparison, whereas in Section 4 the simulation results are reported. Concluding remarks can be found in Section 5.
Tests for testing the Poisson assumption
2.1. Goodness-of-®t tests Goodness-of-®t tests contain tests that are applicable to general goodness-of-®t situations. The best-known member is the ÷ 2 -test which uses the statistic
where O x and E x are the observed and expected frequencies of the value x. The expected values are calculated from a Poisson distribution with mean equal to the sample mean (the maximum likelihood (ML) estimate of the Poisson parameter). For calculating the test statistic we need to group cells with small expected values. The ÷ 2 -test has the following serious disadvantages.
(a) Its distribution is asymptotically known to be a ÷ 2 -distribution with m À 2 degrees of freedom (note that we must estimate one parameter, the mean of the Poisson distribution). Unfortunately, this asymptotic result holds for large sample sizes and it depends on the grouping made. Another interesting point is that the standard result of a ÷ 2 -approximation holds only if the minimum ÷ 2 -estimate of the parameter is used (see Albrecht (1980) ). (b) The asymptotic result holds if the expected frequencies are greater than 5 (Cochran, 1954) .
Hence, this grouping may lead to a loss of information about the data, especially at the tails of the distributions where usually low frequencies occur. As a consequence, the test can detect only very large deviations from the Poisson distribution. (c) The alternative hypothesis is very general with the result that if the null hypothesis is rejected very little can be said about the situation under consideration. This is the case in the majority of goodness-of-®t tests.
The main advantages of this test are that it can be easily computed and that it can be considered as nonparametric in that it can be used for a variety of distributions, allowing direct comparisons for the goodness of ®t of different distributions using the value of the test statistic and the associated degrees of freedom.
Simulation studies of the distribution of the test statistic have shown that the distribution is not exactly ÷ 2 and often the number of degrees of freedom differs from the actual number. To overcome this, Pahl (1969) suggested a correction of the moments of the test statistic to match the moments of the ÷ 2 -distribution with the appropriate degrees of freedom. Simulation-based reconstructions of the null distribution can alternatively be adopted. Hinz and Gurland (1970) and Bhalerao et al. (1980) showed that the ML estimates are inappropriate for applying the ÷ 2 -test. A natural competitor of the ÷ 2 -test is the likelihood ratio test (LRT). To distinguish it from a test proposed in a later section, we refer to it as the multinomial LRT to emphasize that the alternative distribution is the observed multinomial distribution. The test statistic of this test also has an asymptotic ÷ 2 -distribution. Since no grouping is needed it is more sensitive at the tails of the distribution. An exact multinomial test is described in Horn (1977) . In practice, for moderate sample sizes, the calculations that are needed are prohibitive. Recently, Baglivo et al. (1992) proposed an appealing method for calculating the p-value of a multinomial test.
To overcome problems involving low expected frequencies, Nass (1959) developed a test based on the statistic
where n is the sample size and m is the largest observed frequency. No grouping is needed. This statistic asymptotically follows the standard normal distribution. A disadvantage is that the increase in the variance makes the test rather conservative since large deviations are regarded as resulting from high variability of the data. The normal approximation was found by the simulation experiment to be poor. Recently, some other nonparametric tests have been developed for goodness-of-®t testing. They can be considered as generalizations of the ÷ 2 -test in that the ÷ 2 -test is a special case of them. Such an important family is the family of tests that use the power divergent test statistics proposed by Read and Cressie (1988) . The test statistic is de®ned by
For all values of ë, I ë follows asymptotically a ÷ 2 -distribution with degrees of freedom equal to the number of cells minus 1. For ë 1, equation (3) reduces to the ÷ 2 -test statistic whereas, for ë 0, it reduces to the multinomial LRT statistic. Several other goodness-of-®t tests are special members of this family, like the Neyman ÷ 2 -test (ë À2) and the Freeman±Tukey test (ë À 1 2 ) among others. Read and Cressie (1988) showed that a choice of ë
This quantity is directly related to the variance-to-mean ratio, which is often referred to as the index of dispersion, multiplied by n À 1, where n is the sample size. As is well known, in the case of the Poisson distribution, the variance is equal to the mean. In the case of the binomial distribution, the index of dispersion is less than 1, and this situation is often termed underdispersion. The opposite is true for all mixed Poisson distributions whose index of dispersion is greater than 1 and shows overdispersion of the data. A series of papers have dealt with the derivation of the expected value of the sample index of dispersion when sampling from the Poisson distribution. Bartko et al. (1968) showed that the expectation is truly equal to 1. Later Dahiya and Gurland (1969) generalized the results of Bartko et al. (1968) , whereas Kharshikar (1970) derived the expected value of the index of dispersion for several members of the power series family of distributions. Gart and Pettigrew (1970) derived test statistics based on the property that the cumulants of the Poisson distribution are all equal to the Poisson parameter ë. Using the sample cumulants and the minimum unbiased estimator for ë, i.e. the sample mean, they derived several tests based on cumulants of different order k. For k 2 the sample cumulant reduces to the sample variance and hence a statistic that is similar to the index of dispersion is obtained. Speci®cally, Gart and Pettigrew (1970) proposed the use of test statistics of the form
where k j is the jth sample cumulant and var(k j jX ) is the variance of the jth cumulant given the sum of all the observations. It is interesting that for j 2 the test statistic reduces to
Similarly, the tests using the third and the fourth cumulant respectively are
and
where
The asymptotic distribution of the test statistics of all the tests based on the sample cumulants is the standard normal distribution. Because of the increasing sampling variability of the cumulants of greater order, the use of low order cumulants is advocated. It is known that the asymptotic distribution of the VT statistic is the ÷ 2 -distribution with n À 1 degrees of freedom where n is the sample size. Selby (1965) reviewed this test and pointed out that, calculating the four moments, the ÷ 2 -approximation is highly satisfactory for n as small as 5, as long as the mean of the Poisson distribution is greater than 5. Furthermore, when the mean is less than 5 the approximation remains fairly accurate, but this sample size is not realistic. So, the result is only asymptotically valid and it does not work satisfactorily in practice. Anderson and Siddiqui (1994) derived the ®rst four moments of the index of dispersion for some discrete distributions. They also tried to develop the sampling distribution. Instead of using the bad ÷ 2 -approximation, they proposed to use a general two-parameter gamma distribution, matching the ®rst two moments of the index of dispersion with the moments of the gamma distribution. They also considered other approximations and conducted a simulation experiment to base their proposals on. For the Poisson distribution, the sampling distribution of the variance-tomean ratio (which is the VT statistic divided by n À 1) can be well represented by a ÷ 2 -distribution with 1 degree of freedom. However, the VT, which is a multiple of the index of dispersion, cannot be well approximated by a ÷ 2 -distribution with n À 1 degrees of freedom. It would, therefore, be reasonable to consider the use of the index of dispersion as the test statistic. The advantages of this test are that it can be used with small samples, it is more sensitive than the usual ÷ 2 -test and using the value of its test statistic we can detect the sort of deviation from the Poisson assumption (e.g. overdispersion or underdispersion). In practice, the VT can lead to results that are more reliable than those provided by a ÷ 2 -test (see the discussion in Cochran (1954) ). The power of the VT depends on the distribution under the alternative hypothesis. Bateman (1950) treated the case where the distribution under the alternative hypothesis is Neyman's contagion distribution. Darwin (1957) treated various other choices of alternative distributions such as the Neyman distribution, the double-Poisson distribution and the negative binomial distribution. Selby (1965) calculated the moment-generating function of the index under the general hypothesis of a mixed Poisson distribution. This corresponds to a non-central ÷ 2 -distribution with the noncentrality parameter depending on the speci®c distribution. Various rami®cations of this test are given in Potthoff and Whittinghill (1966) and Collings and Margolin (1985) . They both used this test in more complicated situations. In Potthoff and Whittinghill (1966) a review of the ÷ 2 -test was made as well as a comparison of the two tests. Kim and Park (1992) extended the work of Collings and Margolin (1985) to derive locally optimal tests for the Poisson distribution against the negative binomial distribution for several other situations. Perry and Mead (1979) examined the power of the variance test when it is used to detect a spatial pattern.
If the assumption of a Poisson distribution holds then the variance of the population should be equal to the mean. Hence the null hypothesis can be rewritten as H 0 : ó 2 ì. To test this hypothesis the mean and the variance of the statistic S 2 À X must be determined, to consider the standard normal distribution approximation to its distribution. Potthoff and Whittinghill (1966) and Bo Èhning (1994) showed that the test statistic is
This test is, among all locally unbiased tests for testing the Poisson assumption against a mixed Poisson distribution, asymptotically locally most powerful with respect to a gamma mixing distribution, i.e. against a negative binomial distribution (Potthoff and Whittinghill, 1966) . Bartoo and Puri (1967) examined this optimality and showed that a further restriction must be imposed on the mixing distribution. Moran (1973) extended the results of Bartoo and Puri (1967) , examining the case when the mixing distribution is symmetric (zero third central moment). Zelterman (1988) derived a test for testing the null hypothesis of a one-parameter distribution against an alternative hypothesis of a mixture on this parameter with the same mean (central mixture). For the Poisson case, the test is testing the Poisson hypothesis against a mixed Poisson hypothesis. The test statistic given by
follows asymptotically a standard normal distribution. It is very interesting that the test statistics given in equations (5), (8) and (9) are quite similar and only small differences are expected to exist in real applications. A variant of the VT is also discussed in Kyriakoussis et al. (1998) . Rayner and McIntyre (1985) derived the score test for testing the Poisson distribution assumption against the alternative assumption of the generalized Poisson distribution. The generalized Poisson distribution has probability function
for x 0, 1, F F F, ë . 0 and jèj , 1 and P(x) 0 if x > m and ë èm < 0. This distribution reduces to the Poisson distribution for è 0 and it has been examined in detail by Consul (1989) . It is interesting that the variance-to-mean ratio of this distribution may take values that are less or greater than 1 and thus it may represent underdispersed or overdispersed data. The test statistic proposed for testing the Poisson assumption against a generalized Poisson distribution alternative is
which approximately follows a ÷ 2 -distribution with 1 degree of freedom. This approximation is suf®cient for large sample sizes and large values of the mean. Note the great similarity to the O 2 test statistic given in equation (8). The O 2 test statistic is the square root of the W-statistic if n is replaced by n À 1.
Summarizing we can say that the VT test is the locally most powerful unbiased test for a negative binomial alternative hypothesis, the Z-test for a general central mixture alternative hypothesis and the W-test for the generalized Poisson distribution alternative hypothesis. Another test for such hypothesis testing is discussed in Henze and Klar (1995) . Henze and Klar (1996) showed that the VT cannot be used as a diagnostic when it rejects the null hypothesis. When we reject the null hypothesis of a Poisson distribution, the test statistic cannot indicate the form of the true, but unknown, underlying distribution (overdispersed, underdispersed or equidispersed). They proposed a rescaled alternative statistic, which is given by
Smooth tests have been proposed by Rayner and Best (1988) . They proposed the use of Poisson±Charlier polynomials of order k for testing the Poisson assumption. Depending on the choice of k for the polynomials used, a broad class of smooth tests can be constructed. The test statistic is de®ned as
where V i (i 2, F F F, k) are de®ned via the Poisson±Charlier polynomials by
where h i (x, b) is the ith term of a Poisson±Charlier polynomial de®ned as
It is easily checked that h 0 (x, b) 1, for any value of x and b. Similarly,
A useful recurrence relationship is
with the initial values h 0 (x, b) and h 1 (x, b) de®ned above for all the values of x. The value of b is the ML estimate for the parameter of the distribution, i.e. the sample mean. For k 2 the test reduces to the test proposed by Zelterman and it is given in equation (9). Rayner and Best (1988) showed that, asymptotically, the test statistic follows a ÷ 2 -distribution with 4 degrees of freedom. However, this approximation is not very satisfactory in practice. Recently, Best and Rayner (1999) made a comparison of the performance of test (12) with that of some other tests used in the literature. Gupta et al. (1994) proposed another test statistic, which uses the coef®cients of skewness and kurtosis. In this test the alternative hypothesis is that the data come from an in®nitely divisible distribution. Gupta et al. (1994) showed that, if á and b are the coef®cients of skewness and kurtosis respectively, the statistic
tends to a standard normal distribution. Cox (1983) in his paper about overdispersion suggested another test, which is a generalization of the VT. This test is valid for all of the exponential family of distributions, either discrete or continuous. Gelfand and Dalal (1990) discussed the problem of overdispersion in detail and derived a test for overdispersion that was similar to Cox's. They also provided a graphical test for overdispersion based on certain properties of overdispersion models. Other graphical methods for checking the Poisson assumption can be found in Ord (1967) , Lindsay (1986), Santner and Duffy (1989) , Hoaglin (1980) and Lindsay and Roeder (1992) . Pettigrew and Mohler (1967) proposed another test based on the range. Kim (1988) Conover (1972) described the calculation for the level of signi®cance for the KS test for discontinuous data, leading to an exact KS test. Wood and Altavela (1978) derived the asymptotic distribution of the test statistics for large sample sizes. Campbell and Oprian (1979) treated the case of the Poisson distribution when the parameter must be estimated from the data. They reported the required critical values for the test via simulation.
Suppose that H(x) P(X < x) is the cumulative distribution function of the distribution assumed and that S N (x) is the empirical cumulative distribution function of the sample obtained as the proportion of observations in the sample with value less than or equal to x. Then, the test statistic is
The distribution of the test statistic is not known in a closed form and simulation methods are required for its construction. Properties of the test are discussed in Henze (1996) . Henze (1996) and Spinelli and Stephens (1997) developed Crame Âr±von Mises statistics for testing the Poisson hypothesis. These statistics are based on squared differences between the theoretical and the empirical cumulative functions, suitably weighted. Spinelli and Stephens (1997) proposed and examined three different statistics, which are given by
Crame Âr±von Mises type of tests
) and p j is the theoretical probability of the value j. We can see that the three tests put different weights on the squared differences; the test given by equation (18) does not use any weighting of the differences. For all the tests, the summations can be stopped at a value M such that p M , 0X0001. The error committed by this truncation is negligible.
The test proposed by Henze (1996) uses the observed relative frequencies as weights instead of the theoretical frequencies used in equation (16). This test is given by
2.3.3. Tests based on the empirical probability-generating function A large number of testing procedures have been developed based on test statistics that utilize properties of the PGF of the Poisson distribution. Kocherlakota and Kocherlakota (1986) proposed a test statistic for discrete distributions based on the empirical probability-generating function (EPGF). The EPGF ö n (t) is de®ned as
According to the test procedure proposed, ö n (t) is compared with the theoretical PGF, say ö(t). Kocherlakota and Kocherlakota (1986) proposed the use of the test statistic
This test statistic asymptotically follows a standard normal distribution. This test has one disadvantage. It depends on the choice of the value of t. Even though the test statistic is not so sensitive to the choice of t, Kocherlakota and Kocherlakota (1986) showed that the test can be improved by evaluating the test statistic for more than one value of t, at the cost of increasing the numerical complexity. For the case of using the test statistic given above they proposed the use of a small positive value of t near 0.
To overcome the problem related to the choice of t, Rueda et al. (1991) and Rueda and O'Reilly (1999) proposed the use of the squared difference between the true PGF and the EPGF, integrating over the interval (0, 1). The test statistic is
T (x, ë) may be calculated recursively by using
For applying the test procedure ë is replaced by its ML estimate. Similar procedures were discussed in Epps (1995) .
Baringhaus and Henze (1992) also proposed a test based on the EPGF. They based their test on the characteristic property of the Poisson distribution that dö(t)ad t ë ö(t), where ö(t) is a proper PGF. Hence, a test procedure can be developed by considering dö(t)ad t ë ö(t) and integrating over the interval (0, 1). The test statistic obtained is
where f 0 is the observed proportion of 0. Baringhaus and Henze (1992) constructed tables of the critical values of this test statistic via simulation. They also showed that the power of the test tends to 1 as the sample size increases for any form of alternative distribution with a ®nite ®rst moment. Nakamura and Perez-Abreu (1993) based their test on the property that the PGF ö(t) of the Poisson distribution satis®es the relationship d[logfö(t)g]ad t ë and, hence, its second derivative is equal to 0. The test statistic proposed is
where I x is the indicator function. They constructed tables of the critical values of statistic (23) via simulation and showed that the limiting form of the distribution of this test statistic is independent of the value of ë.
A test based on the integrated distribution function
Recently, Klar (1999) proposed a test based on the integrated distribution function and its empirical counterpart. The integrated distribution function is de®ned for positive data as
For discrete data, as in our case, it is given by Ø(t) Ó
denotes the integral part of t. The empirical counterpart is calculated from the data as
The test statistic proposed by Klar (1999) is
which is similar to the Kolmogorov-type statistic, when the cumulative distribution function is replaced by the integrated distribution function. The properties of the statistic are described in Klar (1999) . The parametric bootstrap is needed for constructing the distribution of the test statistic.
The likelihood ratio tests and the Hellinger deviance test
The LRT is a common method for testing hypotheses which can be considered as nested, in the sense that the model under the null hypothesis is a special case of the model under the alternative. The LRT is widely used for ®nite mixtures, to test whether the simple model is adequate against the alternative hypothesis that a 2-®nite mixture is more appropriate (see, for example, Titterington et al. (1985) ). Using this methodology we can apply the LRT to test the Poisson assumption against a 2-®nite Poisson mixture assumption. The test statistic is given by
where L i , i 0, 1, are the maximized log-likelihoods for the hypotheses in H i . Since the values of the parameters supporting the null hypothesis lie on the boundary of the parameter space the standard asymptotic result of a ÷ 2 -distribution is not applicable. Several researchers have described a bootstrap approach for constructing the null distribution of the test statistic (see, for example, McLachlan (1987) , and Karlis and Xekalaki (1999) among others).
Recently, Karlis and Xekalaki (1998a) proposed a similar test, which is based on the Hellinger distance rather than on the likelihood. The test statistic is given by
where HD i , i 0, 1, are the minimized Hellinger distances for the distributions under the two hypotheses.
The minimization of the Hellinger distance can be achieved by a simple iterative scheme described in Karlis and Xekalaki (1998b) . It has been shown that HDT is robust against outliers. Lee (1998) proposed some other tests for the Poisson assumption. The tests are based on expanded classes of distributions, in which the Poisson distribution belongs, depending on the speci®c value of a parameter. Thus the hypothesis is tested that this parameter is 0, leading to the Poisson distribution. These classes include the Katz family and the double-exponential family of distributions.
Further tests
The former leads to a variant of the VT statistic. The latter is de®ned by Efron (1986) , by introducing a dispersion parameter to the exponential family. It enjoys exponential family properties for both parameters (the mean and dispersion). Lee (1998) derived the test statistic for the Poisson distribution given by
to test whether the dispersion parameter equals 0.
A power comparison of several tests

Description of the simulation comparison
In what follows, the power of the test procedures presented in the preceding sections for testing the hypothesis that the data come from a Poisson distribution is examined to compare their power and performance. Table 1 contains all the tests that are compared. It is important to note that this seems to constitute the ®rst attempt in the statistical literature for such a comparison between so many tests for testing the Poisson assumption.
In making a comparative evaluation of testing procedures we seek certain desirable features such as high power, applicability and ease of computation. However, we seek tests whose test statistic has a known (and simple) distribution, which is easily applicable. Unfortunately, the majority of the tests proposed do not have a standard null distribution for their test statistic, and 
Efron double-exponential family Lee (1998) Right tail No Poisson (27) the critical values are either unknown or they have been tabulated in a limited form by some researchers.
The aim is to ®nd the test with the highest power, i.e. the test with the smallest probability of falsely rejecting the null hypothesis. Since exact power calculations are not possible, we are restricted to the use of empirical power calculations via extensive simulation. The empirical power is de®ned as the proportion of times that the null hypothesis is rejected when the data were generated from the alternative hypothesis.
The simulation experiment was carried out in two steps. In the ®rst step the critical values for all the tests and all the distributions and sample sizes involved were obtained via simulation. The method employed for deriving these critical values is that utilized by Efron and Tibshirani (1993) for the estimation of a percentile.
So, using the parametric bootstrap, B 5000 values of the test statistic were simulated for a given sampling distribution and sample size. The á-percentile can be consistently estimated by the dth order statistic of the distribution of the B-values of the test statistic, where d [a Ã Ba100], and [a] denotes the integer part of a. This procedure was repeated 20 times and the critical values derived were the mean of these 20 repetitions.
This has also been done for tests for which the asymptotic form of the distribution of the test statistic is known, e.g. the ÷ 2 -test. In using this approach we aim to reduce the bias of using nonaccurate critical values for the power comparisons.
Having obtained the critical values, we may proceed with the power comparison. From each alternative, 10000 samples of given size were generated, and the test statistics were calculated. For values of the statistic in the rejection area, as de®ned by the critical values obtained from the ®rst step, the null hypothesis was rejected. The reported empirical power is the proportion of times that the null hypothesis was rejected.
This approach is different from that described in Stute et al. (1993) which is easier to use in practice. However, because of the great extent of our simulation comparison, the approach described below was followed. As veri®ed by a smaller experiment, our approach does not introduce any systematic bias into the power of the tests and clearly does not affect the comparisons between the tests.
For each null distribution, several alternatives were examined. Because the alternative hypotheses of the tests under study differed, we considered all the alternatives speci®ed for each test to examine the consequences of their false use.
Three values were considered for the Poisson parameter, namely 1, 3 and 5, whereas the sample sizes used were 50, 100 and 500. The level of signi®cance was set to 5% (á 0X05). 10000 simulations were used for deriving the empirical power for each test and combination of Poisson parameter and sample size.
The alternatives were chosen to match the ®rst moment and to represent some patterns of deviation from the Poisson distribution. Alternatives with the variance equal to the mean were also considered. The results for the equidispersed case are reported separately.
A table look-up method was used for simulating from the distributions involved (see, for example, Devroye (1992)). All the programs were run on a Sun workstation computer. The results of this extensive simulation experiment are presented in Section 4. In the next two subsections, the alternative distributions that were used are described.
3.1.1. Overdispersed and underdispersed alternatives For the case of H 0 : the data come from a Poisson (ë) distribution, the alternatives used were (a) a 2-®nite Poisson mixture with parameters (0.5, 0.95ë, 1.05ë) (this distribution is slightly different from the Poisson distribution and the index of dispersion is 1 0X0025ë, i.e. it differs very little from the Poisson distribution), (b) a 2-®nite Poisson mixture with parameters (0.5, 0.5ë, 1.5ë) (the index of dispersion is 1 0X25ë, and for large values of ë the distribution is bimodal and very overdispersed), (c) a 2-®nite Poisson mixture with parameters (0.8, 0.9ë, 1.4ë) (the index of dispersion is 1 0X04ë, but it is more skewed than the Poisson distribution), (d) a negative binomial distribution with index of dispersion equal to 1.1, (e) a Poisson±inverse Gaussian distribution with index of dispersion equal to 1.1, (f ) a generalized Poisson distribution with index of dispersion equal to 1.1, (g) a negative binomial distribution with index of dispersion equal to 1.5, (h) a Poisson±inverse Gaussian distribution with index of dispersion equal to 1.5, (i) a generalized Poisson distribution with index of dispersion equal to 1.5, ( j) a binomial distribution with N 3ë 5 and a value of p such that Np matches the ®rst moment (through the use of the binomial distribution we have an idea of the behaviour of the tests in the case of underdispersion), (k) a generalized Poisson distribution with index of dispersion equal to 0.9, (l) a 2-®nite Poisson mixture with parameters (0.37, 0.6ë, 1.2ë) (the index of dispersion is 1 0X04ë, but it is more skew than the Poisson distribution), (m) a negative binomial distribution with index of dispersion equal to 1 0X25ë and (n) a Poisson±inverse Gaussian distribution with index of dispersion equal to 1 0X25ë.
Overdispersed distributions (d)±(f) with slight overdispersion were chosen to represent some different patterns. For example, the Sichel distribution is known to have a longer right-hand tail than the negative binomial distribution has (Sichel, 1975) . The value of the overdispersion parameter considered for distributions (g)±(i) is larger, to allow an examination of cases where we have a greater departure from the Poisson distribution.
The 14 forms of alternative distributions considered refer to both underdispersed and overdispersed situations. Table 2 contains some descriptive measures for some of the distributions considered in the simulations. These can be used to obtain the values of the parameters for the distributions in the alternative hypothesis. Henze and Klar (1996) showed that the VT and its variants do not perform well when the actual distribution of the data has the variance equal to the mean. To examine all the tests in this case, also, we considered some alternatives that satisfy this property. The beta±binomial distribution, with suitably chosen parameters, was used.
Alternatives with variance equal to the mean
The beta±binomial distribution arises as a mixture on the parameter p of the binomial distribution (see for example Johnson et al. (1992) ). In Table 2 we can see that, depending on the different values of the parameter N of the beta±binomial distribution, we can ®nd combinations of values for the remaining parameters satisfying the required property. For a ®xed value of the mean, we consider three values for N. As the value of N increases, the resulting beta±binomial distribution tends to be indistinguishable from the Poisson distribution with the same mean. The smaller the value of N the larger the difference from the Poisson distribution is. So, the three chosen values correspond to beta±binomial alternative distributions with varying`difference' from the Poisson distribution.
In the case of a discrete uniform distribution as an alternative, even when the variance equals the mean, the difference from the Poisson distribution will be rather great, and hence the sensitivity of the test cannot be examined in detail.
The combinations of parameters (N , á, b) of the beta±binomial distribution considered for each value of the Poisson parameter ë were, for ë 1, (6, 4, 20) , (4, 2, 6) and (3, 1, 2), for ë 3, (12, 8, 24) , (8, 4, 6X67) and (5, 1, 0X67), and, for ë 5, (18, 12, 31X2), (12, 6, 8X4) and (7, 1, 0X4).
The results of the simulation study
Overdispersed and underdispersed alternatives
Let us now examine the results reported in Tables 3±11. A ®rst glance reveals that the test suggested by Gupta is inferior in all cases and its power is very low. Similar is the behaviour of the fourth-cumulant test, which is almost always inferior to the other tests. An explanation for this might be the high variability of the fourth sample cumulant which the test uses.
The performances of all the variants of the VT are very similar. This was expected because all these tests are highly correlated. Differences between them are mainly due to sampling errors.
We start from the simplest case, the underdispersed alternatives (j) and (k). As expected, the LRT and the Hellinger deviance test have zero power since they test the Poisson model against the 2-®nite Poisson model, i.e. against the overdispersion hypothesis. Note that the index of dispersion is 0.9, which is not very far from 1. The VT performs better. It is interesting that the tests based on the PGF perform better when the index of dispersion decreases, as is the case where ë 5. A careful examination of the results reveals that the VT and its variants exhibit a better performance.
The case where the alternative distributions show overdispersion is more dif®cult. As expected, the power increases as the index of dispersion increases. For large values of it (e.g. 1.25) and large sample sizes, all the methods perform satisfactorily. In contrast, low values of the index of dispersion, as in the case implied by alternative 1, result in a decrease in the power of the tests even with large sample sizes. A close examination of the tables reveals that two groups of tests perform well: the VT test and its variants and the LRT and Hellinger deviance test.
Another interesting comparison is between the ÷ 2 -test and the power divergent test with ë . The results show that their performances are quite similar, and any differences can be attributed to sampling errors. So, choosing one from them is not important. The test of Nass, which is a variant 
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Test
Powers for the following alternative distributions: {The Poisson parameter was set to ë 5. The sample size was 50 (á 5%, 10000 replications). {The Poisson parameter was set to ë 5. The sample size was 100 (á 5%, 10000 replications). {The Poisson parameter was set to ë 5. The sample size was 500 (á 5%, 10000 replications).
of the ÷ 2 -test, does not appear to perform well especially when the sample size is small. So, it becomes obvious from the results that our choice of a test for testing the Poisson assumption against a variety of overdispersed and underdispersed alternatives should be one of the tests based on the variance-to-mean ratio. The LRT and the Hellinger deviance test perform well for the overdispersion case, but they require much computing. Moreover, their critical values are not known. The use of test statistic (8) would be preferable. The reason is that simulations showed that the distribution of the test statistic is close to the standard normal distribution. Tables 12±14 contain results concerning the equidispersed alternatives. A ®rst glance reveals that in this case the tests based on the variance-to-mean ratio fail, as was expected. In addition, we can see that the power of all the tests is low for small sample sizes and small values of the mean of the Table 12 . Calculated power for all the tests employed in the simulation study and for the equidispersed alternative distributions used{
Alternatives with variance equal to the mean
Test
Powers for the following alternative distributions and values of n: n 50 n 100 n 500 {The Poisson parameter was set to ë 1 (á 5%, 10000 replications). The three alternatives used had parameter vectors (N, á, b) equal to (6, 4, 20) , (4, 2, 6) and (3, 1, 2). The smaller the value of N is, the greater the difference from the Poisson distribution.
Poisson distribution. The latter can be explained by the small difference between the Poisson distribution and the alternative considered. For smaller sample sizes, the test based on the fourth cumulant and the test proposed by Gupta seem to be preferable. Recall that the power of these tests was quite low when overdispersed and underdispersed alternatives were considered. Both tests lose their power with respect to other tests, for larger values of the mean, mainly because of the higher variability in the quantities used for calculating the statistic (high order sample moments).
As the sample size increases and the difference between the alternative and the corresponding Poisson distribution also increases, all the tests except those based on the variance-to-mean ratio behave well. The LRT and Hellinger deviance test are not meaningful in the equidispersed alternative cases.
The test proposed by Nakamura and Perez-Abreu (1993) seems to be preferable to the test {The Poisson parameter was set to ë 3 (á 5%, 10000 replications). The three alternatives used had parameter vectors (N, á, b) equal to (12, 8, 24) , (8, 4, 6.67 ) and (5, 1, 0.67). The smaller the value of N is, the greater the difference from the Poisson distribution.
based on the EGF, whereas the Crame Âr±von Mises tests are preferable to the Kolmogorov-type tests. From the results, we can conclude that an indisputable choice that performs better in every case does not exist.
Conclusions
In this paper, several tests proposed in the literature for testing whether data come from the Poisson distribution have been compared. The results obtained can be quite useful in practice, especially in guiding one's choice of the appropriate test, as, for the ®rst time, the performance of all those tests has been examined. In the past, only comparisons between very few tests have been made, mainly to demonstrate the advantage of a new test over an existing test (see, for example, the comparisons in Rueda et al. (1991) , Nakamura and Perez-Abreu (1993) , Kim and Park (1992) and Henze and Klar (1995) ). {The Poisson parameter was set to ë 5 (á 5%, 10000 replications). The three alternatives used had parameter vectors (N, á, b) equal to (18, 12, 31.2), (12, 6, 8.4 ) and (7, 1, 0.4). The smaller the value of N is, the greater the difference from the Poisson distribution.
When the alternatives show overdispersion with an index larger than 1.25, all the tests had a satisfactory performance. For overdispersed and underdispersed alternatives, the test proposed by Bo Èhning (1994) seems to be preferable. In general, all the tests that are based on the sample variance to the sample mean ratio have similar power levels. The advantage, however, of this test is that it is easily computed and the distribution of its test statistic can be very satisfactorily approximated by a standard normal distribution. In contrast, all the tests based on the variance-tomean ratio fail when the alternative is equidispersed.
Tests based on the PGF show a more balanced behaviour against every kind of alternative. Differences between them are rather small.
